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Three-Dimensional Inviscid Flow in Mixers,
Part I: Mixer Analysis Using a Cartesian Grid
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A three-dimensional potential flow analysis has been formulated and applied to the inviscid flow over a
turbofan forced mixer. In Part I, a method using a novel small disturbance formulation is presented which
analytically uncouples the circumferential flow from the radial and axial flow problem, thereby reducing the
analysis to the solution of a series of axisymmetric problems. These equations are discretized using a flux
volume formulation along a Cartesian grid. The method extends earlier applications of the Cartesian method
to complex cambered multicomponent geometries. Calculations are presented for a symmetric mixer in a
planar duct. Good agreement is obtained with a small disturbance singularity superposition analysis. In Part
II, the method is extended to treat flows with different energy levels and applied to experimentally tested
turbofan forced mixer geometries.

Nomenclature
A = area of elemental face
Cp - pressure coefficient
gk =Ath component of axisymmetric perturbation

potential
hk - kih component of angular portion of perturbation

potential
ix,ir,ie =unit vectors in cylindrical coordinates
K = separation of variables parameter
L - axial length of mixer lobe
M = Mach number
n = normal component
NH = number of flux equations solved
p = static pressure
Rm =mean radius
x,r,6 -cylindrical coordinates
u,v,w = velocity components
]8 = compressibility factor
F = circulation at lobe trailing edge
e = geometry scaling parameter
\k =kih Fourier component of lobe surface
\l/ = perturbation velocity potential

Subscripts
E, Wy = property in x direction
/, j = (x,r) difference indices
k = Fourier harmonic component
S,N = property in r direction
U,L = upper and lower component of flux element
o = stagnation property
x,r,6 = partial derivatives in (x,r,0) coordinate
oo = inlet property
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Introduction

T HE numerical treatment of internal flow problems has
reached a level of maturity such that two- and three-

dimensional solutions of cascade and duct/gas path prob-
lems can be considered sufficiently realistic and reliable to be
utilized in a preliminary design system. In these situations,
physical and geometrical simplifications have been intro-
duced to make the problem more tractable, while still retain-
ing the essential features of the problem. Extension of these
techniques to more complicated phenomenological and
geometrical problems represents the current thrust of many
gas turbine related research efforts. The analysis of the
turbofan forced mixer flowfield represents one such
problem.

A forced mixer is a device used in gas turbine engines to
internally mix the hot core or primary gas stream with the
cold fan bypass or secondary stream upstream of the nozzle
exit plane. Conventional or commercial forced mixer con-
figurations consists of a periodic lobe structure that can be
described in terms of a number of geometric features. Figure
1 illustrates two cross-sectional views of a typical forced mixer
configuration. For many years, mixer configurations were
designed using a trial and error experimental approach in
which limited traverse and performance data were used to
refine design concepts.1"3 More recently, "benchmark'/ ex-
periments4'5 have utilized high response and LDV instrumen-
tation to probe the mixing chamber in an attempt to explain
the driving mechanisms of the mixing process. These ex-
periments indicate that the mixing process is principally in-
viscid, and the primary mixing mechanism is the secondary
flow generated in the lobed region of the flow. The analysis
shown in this paper presents a technique applicable to the
solution of this geometrically complex flow problem and
demonstrates its utility by analyzing the flow over a forced
mixer.

Analytical Approach
Overview

The forced mixer consists of a convoluted lobe section and
a mixing chamber. Observations have proven that the lobe
region is responsible for the secondary flow generation which
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drives the mixing process in the downstream duct region to
the nozzle exit plane. The convoluted lobes can be viewed as
a ring wing with a periodic "spanwise" loading distribution
F(0), as is shown in Fig. 2. The periodic lobe cambering
produces a nonuniform loading distribution and a cor-
responding shed vorticity field whose strength varies
periodically in 0. The shed vortex is associated with a cross-
flow velocity field (secondary flow) that "mixes" the flow as
it is convected downstream. The vorticity is then stretched
and eventually dissipated in the mixing chamber through the
action of viscosity.

A complete inviscid treatment of the three-dimensional
lobe region is still a difficult problem due to geometric com-
plexity, multiple energy streams, and compressibility. It is
reasonable, therefore, to propose a zonal analytical ap-
proach, wherein regions are treated using techniques which
are applicable in each zone. In such an approach it is possi-
ble to consider the lobe problem using a simpler inviscid
potential analysis. Although power addition must be con-
sidered in the engine environment, the flow can still be con-
sidered as two separate irrotational regions separated by a
vortex sheet. In order to retain a potential formulation, the
wake/vortex sheet must be dynamically tracked. Any use of
a body conforming grid however would require the solution
algorithm to also dynamically update the conforming grid.
The algorithm described below proposes an alternate ap-
proach to this problem.

As shown in Fig. 2, the mixer lobe is characterized by two
length scale ratios, which provide relative measures for the
lobe height, axial and azimuthal variations

e, = (AR/L), e2 = (NAR/2irR)

where N is the number of lobes, L the axial length, and AR
the lobe height above a mean reference radius. For many
current designs, mixer lobes are axially slender (c^l), and
local Mach numbers are low enough that a small disturbance
model can be introduced as a means for treating the salient
features of the lobe mixer problem. In the next section a
small disturbance formulation is developed that analytically
uncouples the 6 variation and reduces the problem to the
solution of a sequence of axisymmetric problems. These

a) SECTION B-B

SECONDARY FLOW (COLD)

PRIMARY FLOW (HOT)

axisymmetric problems can be solved by taking advantage of
previous experience6 in which the effects of power addition
and "exact" surface boundary conditions were modeled. In
contrast to this earlier work, a finite volume cylindrical grid
formulation similar to that of Wedan and South7 is used.
This approach yields a straightforward treatment of the
mixer problem which contains a number of geometric and
flow features that are more complex than the symmetric
geometries analyzed in Ref. 7.

The power contribution and lobe loading result in a poten-
tial jump [<p] across the wake shed from the lobe trailing
edge. The corresponding induced secondary flow has a net
circulation F. By an appropriate choice of the closed path of
integration over half a lobe, shown in Fig. 3, the circulation
integral reduces to

T=Me-o-M9=e0 0)

In the following sections, a potential flow analysis for the
forced mixer is developed. The complex three-dimensional
problem previously described is linearized permitting an un-
coupling of its 0 dependence in the governing equations.
Special treatment of surface and Kutta conditions however is
needed to insure compatibility with the governing equations
and the physics of the problem, while also uncoupling their 6
dependence. The extension of this potential flow analysis to
include power effects is treated in Part II.

Potential Flow Analysis
The inviscid flow analysis will be applied to the flow do-

main between the fan and core flow discharge plane and a
downstream plane in the mixing chamber, schematically
shown in Fig. 4. In the present work, this plane has been
chosen upstream from the nozzle exit plane to avoid both
nonlinear compressibility and viscous mixing effects. The
governing equation of mass conservation, applied to an ar-
bitrary control volume in space, yields

(2)

Fig. 2 Ring wing analog of forced mixer.

b) SECTION A-A

Fig. 1 Mixer wake geometry definition. Fig. 3 Schematic of lobe trailing edge integration path.
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Fig. 4 Mixed flow nacelle analysis domain.
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Fig. 5 Angular slice of cylindrical grid intersecting duct walls.

The nondimensional mass flux is defined in terms of a per-
turbed flow from an upstream subsonic x-"aligned" flow as
follows:

pv= + <f>rir (3)

(a) GENERAL ELEMENT
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Fig. 6 Cartesian flux volume element description.

where /32 = 1— Mi and <p is the perturbation velocity poten-
tial. The $2 term reflects an approximation treatment of
compressibility effects in the problem. Only the linear or
first order terms have been retained in Eq. (3). The expan-
sion is made assuming that all surfaces have slender shapes
in the stream wise direction (e{ < 1).

Appropriate surface boundary conditions can be derived
from a flow tangency condition given by

y-v/7=0 (4)

where the velocity vector v is given in terms of a velocity
potential, and F is a general surface described in terms of the
r,d, x cylindrical coordinate system

F(r,x,0)=r-f(x,0) = (5)

If a perturbation velocity potential is assumed, then the
corresponding perturbation velocity components can be con-
sidered small relative to the upstream flow. The mixer lobe
surface [Eq. (5)] is also assumed to be perturbed about
some mean surface Rm(x) midway between the lobe crest
and trough; therefore, the flow tangency condition can be
approximated by

(6)

The perturbation or small disturbance approximation is
equivalent to limiting surface slopes to order e^ This
linearization of the boundary condition is needed to render
the overall problem separable, as will be shown in the next
section. At first glance, it appears that the last term in Eq.
(6) is of order e2; however, no such perturbation restriction
has been imposed in the azimuthal direction. The terms fx
and fe are known functions which describe the lobe
geometry.

Problem closure is obtained by imposing a quasi one-
dimensional analysis for definition of the inlet flux and a
Kutta condition at the lobe trailing edge to uniquely set the
net circulation.

Separation of Variables and Cartesian Grid Approach
In order to simplify the analysis, a cylindrical coordinate

system orientation is used to evaluate the flux integral in
Eq. (2). By evaluating the flux integrals on a Cartesian grid,
the numerical algorithm developed herein will be applicable
to a broad class of two- and three-dimensional problems that
do not lend themselves to more conventional body wrapped
grids. In such an approach, one can substitute the complexity
of boundary/mesh intersections for the complexity of
multielement body mesh generation. An angular cut for a
typical internal mixer flow application of this grid is shown
on Fig. 5. For the particular application presented in this
paper, the mixer lobe geometry is assumed, for simplicity, to
have a trailing edge aligned with the mesh.

The mixer lobe can be considered a general three-
dimensional lobed surface perturbed about some mean sur-
face. It is possible to avoid analyzing the full three-
dimensional problem by recognizing that the flow is a
periodic function of the number of lobes. Solutions to the
linear governing Eq. (2) can be separated, i.e.,

t(x,r,0)=g(x,r)h(0) (7)

It will subsequently be shown that the nonlinear aspects of
the surface definition and the surface boundary condition
are also separable. Separating out the B dependence will
reduce the analysis to a series of axisymmetric problems on a
Cartesian grid.
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Fig. 7 Moment analysis definitions.

Flux Volume Formulation
Combining Eqs. (2-4), the governing flux balance equation

terms can be approximately separated into terms that are
either a function of (r,x) or of 6 alone,

-he
(8)

where K is the separation constant and the E-W, N-S, and
AA integrals are the appropriate flux balance integrals on an
elemental volume evaluated in the (x,f) plane shown in Fig.
6. The 6 dependence of Eq. (8) can be recast to identify the
periodic nature of the separated variable. The solution for
h(&) includes linear combinations of trigonometric functions,
where appropriate application of the symmetry boundary
condition at the lobe crest simplifies this to

hk=Bkcos[(k7rO/60)], 'k = 0,1,2,...NH (9)

where K=k6/60, 00 is the half angle of the lobe (crest to
trough), NH the number of harmonics used in the Fourier
series, and Bk a sequence of unknown coefficients still to be
determined. The k = 0 solution corresponds to the axisym-
metric solution limit. Since the separation constant can take
on multiple values, the potential assumes a more general
form

Ajgij-i,fc + BjgUtk + Cjgu+ u = Wjtk

k = 0,l,2,...NH (12)

Closure of the problem formulation requires application
of boundary conditions on the boundaries of the domain of
integration. Referring to the computational outline in Fig. 5,
the flow tangency condition will be imposed on all solid sur-
faces. The upstream flows normally are defined in terms of
the engine discharge conditions, but flow continuity (Kutta
condition) at the lobe trailing edge necessitates an alternate
approach to avoid overspecifying the inlet conditions. These
boundary conditions will be explained in the following
sections.

Surface Boundary Condition
In a flux formulation, the surface boundary condition is

implemented as a zero flux condition on all solid surfaces.
The flux balance for an element intersecting the three-
dimensional lobe surface is not separable along the general
lobe surface. In order to render the problem separable, the
boundary conditions are also linearized as previously shown
for a general element, and the 6 dependence is removed
resulting in a modified boundary condition with a sourcelike
term applied on a mean axisymmetric surface, Rm (x). The
surface intersecting computational flux volume element is
shown in Fig. 6b. The flux balance on such an element must
be modified by an additional source term representing the
"surface" flux (gr) in the r direction,

K2\ _gk(drdx/r)=0
J AA

k = 0,1,2... NH (13)

The areas in the integrals describe only the external portion
of the cell on the side and azimuthal (AA) faces.

By applying the mean radius approximation to the surface
contour, one can also express the lobe surface in terms of
separable variables, i.e.,

The axisymmetric dependence of Eq. (8) can be evaluated for
an arbitrary point in the flow field on integrals aligned to the
cylindrical mesh (Fig. 6a) to produce

f(x,0)=Rm(x) + (14)

where \0(x) is the axisymmetric modal shape and may be
used as a mean radius. A Fourier moment analysis couples
the 6 dependence of the contour with radial variation depen-{ P f f 1 LIie u uePeiluence 01 me contour wnn rauiai variation aepen-

/32gJCA/dr + \ grkrdx—K2 \ \ —gkdrdx = Q (10) dent variables. The unknown coefficients \k are determined
E~W J N-S J JA/1 r V>-7 llo;_rt + U~ o«milr»». Ao.f\-n\ + \f^-n oU/^^rvi ^^ ~Ci n H

The last integral is a source term integrated over the enclosed
area (drdx). Evaluating the flux balance Eq. (10) on an ar-
bitrary flow element yields

= 0,l,2,...NH (11)

where the r term has been approximated by its value at the
center of each flux cell. Equation (11) is a discrete approxi-
mation whose subscripts refer to the respective faces of the
elemental volume shown on Fig. 6a. Central differencing of
the flux terms and collecting the contributions at each node
results in a tridiagonal equation system in terms of gijtk>
where / refers to an index along the x axis and j an index
along the r axis.

by using the angular definition shown on Fig. 7.

A,(*)=— /(*,0)cos

Substitution of the modal description of the geometry
given in Eq. (14) into the surface boundary condition and
taking advantage again of the orthogonality of alternate
Fourier modes for the gk's on the boundary, reduces the sur-
face boundary condition to a flux along a mean surface
which is given by

grk(x,Rm) =

(15)

where 6/, is the Kronecker delta function. The first term on
the right side is the primary contribution to the effective sur-
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face flux to a given mode. The second term represents a
coupling of the different modal solutions due to the product
fe\l/e in Eq. (13). If parameter €2 is small, this term is absent.
Observe that Eq. (15) is a mixed type boundary condition,
therefore, the solution algorithm cannot explicitly determine
the gk(r,x)'s from the given boundary conditions. This
problem of coupled modal equations is alleviated by lagging
the alternate modes in the iterative solution that will be
discussed shortly.

The modal solutions for the functions gk(x,r) can be
discretized along the cylindrical mesh to yield

K2

= 0,l,2,..JV7/. (16)

where A denotes the exterior portions of the areas of the
intersected cells and AA the exterior area of its azimuthal
face as shown in Fig. 6b. Equation (16) is a direct analog to
the general flux balance in Eq. (8), with the surface effect
modifying the effective element face over (A^4) and a flux
term representing the effect of the surface on the Cartesian
cell balance. In general, a surface element includes a region
of flow and a region interior to the body. Along the mean
surface however, an element includes a core flow and fan
flow region. Correct flux balancing in each region is ex-
pedited by tracking the potentials of each flow separately
across the surface.

The discretization of the boundary Eqs. (15) and (16) is
complicated by the mixed mode term in the "surface" flux.
In order to solve the equations numerically, the coupled term
is included as a known function in the flux balance. This
term therefore is grouped in the right side of the tridiagonal
equation (9) and lagged in the iterative solver, i.e.,

(17a)

(17b)

where Gl and G2 are the coefficients from Eq. (15) of the
kth mode and the mixed modes (minus the kth term),
respectively.

Solution Algorithm
The governing equations and boundary conditions reduce

the analysis problem to a system of linear algebraic equa-
tions in terms of the gk(x,r)'s and correspondingly the
velocity potential. These equations are solved iteratively
using a successive line over-relaxation procedure (SLOR). To
optimize the calculations, a grid halving algorithm is utilized.
In such an algorithm, the previous coarse grid solution is
interpolated onto the next or finer grid as its initial guess.
The solution convergence on each grid is monitored by track-
ing either the residual, defined as the normalized error in the
mass conservation equation at the nth iterate, or the jump in
potential at the splitter trailing edge. Typically .the residual is
a monotonically decreasing function and is reduced about
two orders of magnitude on each grid. Finally, the results
are displayed in terms of the pressure coefficient defined for
each stream relative to its own upstream dynamic head.

Flow Boundary Conditions
Flow closure boundary conditions for the governing equa-

tions are set by specifying the net flow rate at the nozzle exit
plane, while a Kutta condition at the lobe trailing edge
defines the relative flow split between the streams above and
below the mixer. Assuming the flow at the inlet and exit

planes can be modeled by a quasi-one-dimensional flow, a
unique flow split is determined from a simple Newton itera-
tion scheme. This directly determines gx for each stream at
the downstream plane of the computational domain. The
details of the method are given more completely in Part II.

The inviscid interaction of the flow streams downstream
of the lobe surface is controlled by vortex sheet whose initial
strength is set by a Kutta condition at the trailing edge. This
vortex sheet is converted from the lobe trailing edge as a
constant jump in potential and will follow the trailing edge
streamline. The two streams interact through the local poten-
tial jump that is determined from the basic consistency con-
ditions across a contact discontinuity, i.e., static pressure
match on the wake or vortex sheet Sw and streamline slope
continuity

Basic linear theory assumes the wake lies along a constant
radius surface from the trailing edge, and consistent with the
surface boundary condition formulation, the streamline
slope condition is relaxed by assuming that the wake can be
modeled by a mean constant radius surface or an axisym-
metric surface that varies with axial position. Flow is permit-
ted to cross through the constant radius. Consider the mass
flux balance on an element that includes an arbritarily
oriented mean wake streamline (Fig. 6c). Application of the
flux balance (16) to the upper and lower portions of the (//)
wake elements results in equations that assume that a mass
flux can exist across the given wake contour. Adding the
conservation components will produce an equation for the
ijth element where the flux contributions across the wake
[gr] identically cancel each other out. If the potentials cor-
responding to the flux balances taken on the two sides of the
wake are defined in terms of a mean potential and a poten-
tial jump (gk) as follows

then the flux balance for a wake element becomes

AJ*U- U + (By + Bf )gu>k + CVgiJ>k

(19a)

This equation corresponds co one row in the general

Cp -4

CORE >^<- v
FLOW i'—-x \

AXIAL DISTANCE

Fig. 8 Surface static pressure coefficient distribution over an un-
powered axisymmetric configuration.
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This equation corresponds to one row in the general
(JMxJAf) tridiagonal matrix for the fth line,

Af (BJ-+B?) Cj>

(19b)

*J-2

BV cy

(19c)

The two new (yth) equations are similar to the individual
wake element flux balances with the added proviso that the
alternate off-diagonal term are zero. This is equivalent to
assuming that the wake is a solid boundary since all solid
boundary surfaces contribute zero flux to the net balance.
Under such a format, the program can automatically treat
these constructed equations in the algorithm and the wake
equation is arrived at by contracting or adding the ap-
propriate equations. It is important to note this dual poten-
tial technique isolates the upper and lower flows by an effec-
tive solid surface. This method, therefore, also resolves the
flux cell problem arising when slender surfaces (relative to
the computational mesh spacing) pass through the middle of
a cell and produce flow domains in that cell.

The matrix solution for the /th axial row requires an
algorithm for defining the [gk]. The potential jump is ob-
tained by applying the constraints of static pressure

pu=pL (20)

and streamline slope continuity. The pressure can be more
conveniently expressed in terms of a pressure coefficient Cp9
defined in terms of the pressure change from freestream
divided by the upstream dynamic head. A linearized Cp
model then can be used to separate out the axisymmetric
component of each mode (Cpk).

(21)

At the lobe trailing edge, Eqs. (20) and (21) are equivalent to
separate Kutta conditions for each mode separately. The
streamline slope matching conditions along the general wake
contour can also be simplified by assuming that the axial
velocity flux contribution is small relative to unity and that
the wake follows the constant radius approximation. Equa-
tions (18), (20), and (21) are then combined to determine the
potential jump

(22)

Therefore, the jump in potential along the wake is determined
solely by the jump at the trailing edge for the unpowered
case. It is felt that an algorithm could be extended to permit
the wake position to change with iteration algorithm and
thereby converge to its actual location.
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Fig. lOa Comparison calculations of axial velocity for a symmetric
planar mixer in a planar duct.
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Fig. lOb Comparison calculations of vertical velocity for a sym-
metric planar mixer in a planar duct.

Fig. 9 Sideview representation of planar mixer/wind tunnel
geometry.
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Fig. lOc Comparison calculations of spanwise velocity for a sym-
metric planar mixer in a planar duct.
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Results and Discussion
The analysis, known as FLOMIX, described in the

previous section has been applied to several configurations.
When \£ = 0 (Ar= 1, 2,...NH), the zeroth mode solution will
describe the flow over a completely axisymmetric configura-
tion. An initial demonstration calculation for an axisym-
metric unpowered afterbody/splitter configuration is
presented to illustrate the Cartesian algorithm. The con-
figuration analyzed with the corresponding predicted surface
static pressures are shown on Fig. 8. The Cp difference be-
tween the upstream flows, arising from radial equilibrium ef-
fects, disappears when the plug inlet radius is large. The
splitter surface Cp's at the trailing edge are forced to coin-
cide by the Kutta condition.

A more interesting three dimensional calculation is con-
sidered below where comparison with a planar mixer lobe in
a straight duct are presented to calibrate the model analysis.
Planar conditions are simulated by considering an axisym-
metric geometry at large radius. Comparison calculations
have been made with a method that simulates an isolated
planar mixer lobe with distributed doublets along a mean
planar surface. This analysis, referred to a PLANMIX, was
developed by Amiet.8 Figure 9 shows a sideview of the con-
figuration analyzed. The duct walls are defined sufficiently
far from the lobes so that any interaction with them is
minimal. Numerical calculations confirm that there is no
potential interaction effect due to these walls. The lobe sur-
face in both calculation methods is generated by a single
cosine wave, therefore a single modal (NH=i) solution
models the flowfield. In this study no power addition effects
are considered. Predictions are presented for the
reconstructed (as a function of 6) components of the pertur-
bation velocity on the lobe surface. The comparison calcula-
tions presented on Figures lOa-c, show excellent agreement
between FLOMIX and PLANMIX for the three velocity
components at several azimuthal or spanwise cuts running
from other lobe crest (0' = 0) to inside the lobe trough
(0' = 1.0). The normalized axial scale runs from the lobe
leading edge to its trailing edge. The profiles reflect the ef-
fect of the linear theory approximations at the trailing edge,
i.e., the Kutta condition is satisfied and the axial velocity
perturbation goes to zero. Although both methods are based
on linear theories, slight differences should be expected since
the planar analysis is an inverse method which numerically
evaluates singular integrals while the present method is a
finite flux volume scheme.

Conclusions
The three-dimensional flow analysis for lobed forced

mixers has been formulated. The analysis assumes that the
flow processes are predominantly in viscid and that for
slender mixer lobes (AR/L^i), the analysis can be uncou-
pled into a series of axisymmetric problems solved using a
finite volume scheme on a Cartesian grid. The algorithm has
been verified in separate calculations using a classical
singularity superposition method.

The analysis also demonstrated that the Cartesian ap-
proach, with its simplicity and adaptability to problems in-
volving complex geometries in two- or three-dimensions, can
be efficiently used to analyze problems of engineering

. interest.
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